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Lecture 1 :Basics of Optimization

M↑
↑

* =argminf(x) Recall XER,

can write

m

f(x)

I challenging tmaybe
FCAERY, gets

Usually, xER , n= alot
Linear functions :

Given initial gress Xo,

-

f :R-RV ; f(x)
=Ax forAct

Xi=XTf(x)i+ If min large, solving
Ax=y is

↑

very difficult directly =>
Constrained

-J =0 Optimization



Take f(x)= llAx-y(:))2
i = 1

7f(x)= AT (Ax-y) =0 = ATAx- Ay =0 = x=CAAJATy
↑

x=X, i
-2A(Ax , - 3) also may

f(x) be hard

to invert. --

Note : AcMu(q) = f(x)= (Ax-y)"(Ax-y)
,
where

A =(AT)
*
is the conjugate transpose of A . One can devive

the relations
Y
1
= Xx1

- &A(Axi-y)
.

X = (AHA)
-

Aly

We may want
more sophisticated optimization using probability



Let X be a random variable
,
with known observation y.
- (Ax-y)2

Assume Gaussian prior :P(y(X)e.
Maximum a posteriori (MAP) estimator:map(xly

#yesThm : p(x(y) = p((x)1
P(X)

=> logp(x(y)= logp(y(x) - logp(x)
=--(Ax -y)--x

-> min[logp(y)]= -(Ax-y)+Ex looks like llAx-y/E+R



Characteristics of f()) that help optimization :

5(x) differentiable : Can andytically compute Tf(x)

f(x) convex : local min =globalmu-FXS &

f(tx) + f((rt)x)]tf(x)
+ (1-z)f(x)

The game is to automatically find
--f(x) ,which is why autograd

backprop exists



Exercises-
& f(x)=llAx-y/+/I . What is the closed - form expression for

*= augminf(x)?

② Let A : /RE-R" .

What is the shape of AA
? Is ATA easier to

invert if men or man
?

③ Consider f(x) : [0,1] + I .

a) Give an example off that is difible
but not convex,

b)
" "convex but not difible

For each case, show a visual example of the gradient descent optimization

process .



ture2 :Function Spaces

V is a rector space (over RD if Fr,wEV , LER, we have :
-

① UweV ,
GaveV st

. <(v+) =ar +aweV.

such elements vo are called rectors . Usually think of VERY
,

but
-

this facture will go over more exotic spaces.

B= Ev...,n3EV is a basis if FreU 5 : Xy . . .,
nER st

- S

w= MV , +
-- +AnUn

.
MidimV is the dimension of V.

Fact : If B
, Be are bases of V, then #B

,
=#B=N .-

Sps B ,
= EV, ...,M3 , Be=EW, ..., was .

Then by data, 7 !



↳ All
, .... in St Vi ,Ni +A , 25 2t ...XinWr I unique way to

↳
z ..., dan

St Va =Gathe ... danWn
convert B+B

: IE
Vn = Xn ,

w
,
+&zWz+ ...

- dnnwn

-
Can write this more succinity asE where we know is invertible.

-

Fact : every
vector space

has a basic!

-
Linear Transform T : V+W is a function where

① T(r+a) =T(r)+T(r) @ T(av)
=c T()

Note :
-

toTITE , applying transformative in arbitrary
basis.

Can always on



Let's do some examples :

# V=SpanEsin(ax) : aeLT3 , W=Span ,Ecos(ax)
: a =+3

& : V-W is a linear transform
.

dimV= dimw =y ,

Ex2 V=Span ,El , X, ...,X3.
-

① What isy , changing
to the basis El, X+

1
,(x+
D23?

② What is the matrix
form ofA in the original basis?



A normed rector space X, I . 1) has a morm 1: 1 that satisfies :

D(x =0 X=0eV

ii) (x+y) < (x) +(y)
iii) (xx) = (x(x)

Ext: (x .y)#x)(3) (Cauchy-Schwart

Dy: Let f:+ R ,FEV. (lfp := (EFdx)
"P
be denoted as

thenorm of f.

Remark ML
, you

will often see L , 22, sometimes L
?

:
In

↳ behaves nicely , L' promotes sparsity , 2 is even setter for sparsity.



Convolution- (fAg)(x)=Sf(a)g(x-a da #(
FourierTransform : (usually)-

-( = Sf(x)eixdx , Y =SfCeK

Facts

TlIf(x)/I= /IF(/I2 (Planderel/Parseval)
-

② (19) =F (Convolution-Multiplication

③ f(x) =A* E (k)=Bik



Exercise
-

1) Show that the change of basis :V-V is a linear transform.

2)Vas in2 .
What is the restorspaceWst Sdx (v) = W ?

3) Define S(x) =LinF S f(x)f(x) = f(0) .

What is(x)? I .e .

What is FRer transform of a dap?



Lectur3 : Linear Algebra

M = [M]:=]
[M +N]ij= [M]ij + [N]ij

mm] = 50 7 = [00]
[N]ij=MiNi, u ho

Tensor Product : Vow =

"Outer Product's F



Iterative linear solving :RREF Determinat
-

[S2]x = [i]
L
De0-2

I det[M]
↓ [ii] = MiMaz-MicMas

[ii] = [i]x=[i] Invabect detM0

0-3 .8 d
= X =[in] det (AB) = det(A)

↳(2) + ] exactly onesolutionde↳[i] is
invertible det(A) = a , 92)
not invertible I Fo* Show VQW is col

foor v
,
WEIR
? -> (9,0)



'M &envectorsCala I#↑eveto
-

~[i] Diagonalization ,
-

-> Mx=XIx A matrix Temisdiagable ifa

(M -(1) x=0 =matrix

det (u-XI)=0 -
R I TFAS1" , where 1 is a

↳ characteristic polynomial of
M change of basis, and S is

a diagonal matrix , i . e.
Ext : If AEMn(p) , char , poly,
of A hasn complex roots . S=[]

.



SpectralTheorem : Suppose AtMn(R) St A =At . Then
:

-

O A is diag'ble
② A has real eigenvalues-
Now

,
what if AEMmxn( ? Singular ValueThe !

I

D: Every matrix AEMmyn (C)
can be written as

A =UIV't , st UU"= Vr" =I,

I=[....] / ,40 , ...



Important! rk(A) = #EOpoly where A=UTJ'-
↑

This decomposition is powerful, since it "orders the components of A
from most important to least important .

" (See Exercise3

Application : Matrix Approximation

an min/A-BIUrJv't
(Eckart-Young)

i
. e . SVD enables optimal low-rank approximation.



Exercises

⑮how that def(A-)=A , for invertible A
② Show thatuoveMn(R) is not invertible, for nvEIR?

③ Show that A=UIV
,I=[in] can be

written as A=+ : viori
,
for ui ,Vie"

i = 1


